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We assumea Gaussianlongitudinaldistribution, andgenerallyusecgsunits. Formulaecanbeconvertedto SI units
by multiplying or dividing with

���������
	���

, where

���
is thevacuumimpedanceand

�
thespeedof light.

1 General Transverse Wake

Thetransversekick factor ��� is definedby ����� �������� ���
�

(1)

where � is thebunchpopulation,��� theclassicalelectronradius,

�
thecentroiddisplacementof thebunch,and

� � �
the

centroiddeflection.
In termsof jitter amplificationthis canalsobewrittenas��� �

!�"�# � �%$&� �� ���
�
!�"('*) �

�
!+" (2)

where $ is the betafunction at the wake-field source,! " , the rms beamsizeand ! "�# the rms divergence.We call the
parameter) � thejitter amplificationfactor.

Thekick factoris relatedto thewake function , �.-�
 by

��� � / �10�
 / �.0 � 
 ,2� �102340
� 
.56075�0 �

(3)

where / �10�
 denotesthenormalizedlongitudinaldistribution,andto theimpedancevia [2]

��� � 398� :� 5�;=<6>? �@;7
.< ACB1DE� � �@;7
 � :� 5F;G? ; � !�H IKJ � � �L;7
 (4)

where,for aGaussiandistribution, ? �LMN
 � 3(O� J�P+Q �R3SM A 
 JCTVU � O MN
1W (5)

and,for large
M

,
? �LMX
NY*��Z�[]\ A MNZ�^ 8`_ ^A]a�b 
 .

2 Geometric Wake for Shallow Circular Taper

Thelongitudinalimpedanceof a shallow circulartaper, calculatedby Yokoya [1], is

� � �L;7
 � O ;G� �	��c� :
: 5�0��1d � 
 A W

(6)

andthetransverseimpedance[1] � � � 3 O ���e � :
: 5�0 d �d A W

(7)

where
df�10�


denotesthebeampiperadiusasa functionof
0

and
��� � 8 e�g �ih . Stupakov [2] hasshown that this formula

is valid for frequencies ;Gd A �6jlkm�Fn
(8)
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FromEq.(7) oneobtainsthekick factor

� � � op � !�H 8q 3 8 d (9)

whereq is thesmallerbeam-piperadius,
d

the largerradius,
j

thelengthof thetaper, o � �.dc3 q 
.��j thetaperangle,and! H thebunchlength.
Approximating o Yrjs��d , ;tYu��� ! H wecanrewrite theapplicabilityconditionof Eq.(8) as!�H v d o (10)

with
d

thebeam-piperadiusand o thetaperangle.Thermskick is about0.4timesthecentroidkick.
Example: !�H �*w g )yx ,

d �9z mm,andformulais applicableif o v|{ mrad.
Take o � 8 g mrad, � � e n }i~ 8 g�� , � � 	�~ 8 g�� , $ � 8 g�� m,

d ��z mm,q � 8 mm(this correspondsto about40 ! " !),
then� � ��$ � � Y=	�~ 8 g Z�� m

A
, ��� � 8 n z ~ 8 g � m

Z A
, and ) � � g n g { . Notethat thisshouldbemultipliedbya factorof two

to accountfor thecontributionsfromtaperson eitherside.

3 Geometric Wake for Tapered Parallel-Plate Step

For a rectangulartaper, Stupakov [3, 4] hasdeducedthefollowing result:����� �10�
 � �����p e � � !�H�� Z H b \�� A]� b ���S� � e � ,K� A 3 e � ^ 

� � _ e � ^

���
(11)

where

� �
is thecentroidposition,

�
thecoordinateof thetestparticle,and, thehalf width of thecollimator.

Theintegrals� ^ and� A are

� ^ � d � Ad A 5�- � o 8q 3 8 d (12)

and

� A � d � Ad [ 5�- � oe 8q A 3 8d A (13)

where
d

is theverticalhalf gapat theentranceand q thatat theendof the taper. With

� � � � this translatesinto a kick
factor ��� � g n e��6e � , o!+H 8q A 3 8d A n

(14)

As in thecircularcase,thermskick is about0.4timesthecentroidkick.
Formula(14) is valid if ;

q��
dN3 qj n

(15)

Preliminaryexperimentalresultsindicatethatthewake field maybesmallerif this conditionis violated[5].

4 Geometric Wake for Untapered Circular Step

If thereis no taper, for shortbunches,!�� k q , thetransversekick factorreads[6, 7]

�+� � 8q A 3 8d A (16)

andthermskick is about 8 � p w timesthis value.
Example:for !�H �=w g )yx ,

d �=z mm,q � 8 mm,wefind ��� Y 8 g�� m
Z A

, and ) � � g n wl� . Noteagain that this should
bemultipliedbya factorof two to accountfor thecontributionsfromtaperson eitherside.

Thecompletenonlinearkick, for any offset

�
, is [8, 7]:��� � �10�
 � 	 ������ 8q A 3 � A 3 8d A 3 � A

� H
Z : q �10�
 (17)

where

q �10�
 � JCP�Q Z H bA]� b �p e � !+H (18)

is thenormalizedbeamdistribution.
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5 Resistive Wake between Two Parallel Plates

Wake field nearaxisfor beampassingthroughtwo parallelplatesof length � with half gap
d

[9, 10]:����� � � � � � �	�d A �
�
!y!�H / �.-f� ! H 


�
d (19)

with ! theconductivity, and

/ �LMN
 � 8p e � :� � Z�� " Z a ��b \ Ap � 5 �
(20)

In a roundcollimator theresultis
� �]� A

smaller. Notethataccordingto Ref. [9] � / �.-�
c� � g n � � for a Gaussiancharge
distribution. We calculated� / �1-�
�� � g n � e , numericallyintegratingwith mathematica.We alsocomputedthermskick:� / �1-�
 A 3 � / �1-�
�� A � ^s\ A � g n e } .

Thecompletenonlinearwakenearthewall is obtainedby replacingin Eq. (19) thefactor

� ���
by [11, 9]

8� � � �6d _���� � �
� ��d

8`_�¡�¢6� �
� ��d (21)

For

�E£ �
this divergesas 8 ���.�23

� 
 A
.

Example: ! �*w n e ~ 8 g ^¤�G-�Z�^ for Al, ! �*z n 	�~ 8 g ^��K-�Z�^ for Cu,and ! � 8 n w ~ 8 g ^ � -�Z�^ for stainlesssteel.Assume
copper. � � 8 	 cm(10 radiationlengths),

d � 8 mm,and $ � 8 g6� . Thisyields) � � g n 8 w .
6 Optimum Taper

Theoptimumtaperangleis obtainedwhentheresistive andgeometrickicks areequal.For circulargeometryandq kmd
it is [4]

o]¥�¦ � Y g n {
� !+H! q A

^§\V¨
(22)

Example:Cu with ! �4z n 	©~ 8 g ^¤�7-�Z�^ , q � 8 mm,and o Y � mrad.

7 General Longitudinal Wake

Thelongitudinalwake functionis relatedto therealpartof theimpedancevia

ª � �.0+
 � e� :� IKJ �¬«f�L;7
 ¡C¢�� ;G0� (23)

Thetotalenergy lossis�E­ � 3 :
Z : 560

�¯® �10 � 
 :
H]# 5�0

® �.0+
.ªi�+�10G3=0 � 
 � 3 8e � :
Z : 5�;=< >;2< A IKJ � � �L;7
 (24)

where

® �10�

is thechargedistribution,andpositive

0
refersto thetail of thebunch.

8 Longitudinal Resistive-Wall Wake

Theresistive-wall wake in a circularbeampipeis characterizedby thelengthparameter

- � � �Fd Ae � !
^§\V[ � ¡�°6��±��²� ³V� 
 (25)

where
d

is thechamberradiusand ! theconductivity.
Example:Cu and

d �4z mmyields
- � Y 8 w ) m.

Whenthebunchlengthis longcomparedwith
- �

thefield alongaGaussianbunchcanbewritten [12]­ H �.-f� ! H 
 � � �	�d A - �
!+H

[´\ A / -
!+H (26)
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with / �Lµc
 � < µX< []\ A � Z²¶ b \R¨ � ^s\V¨
µ A	 3 � Z�[´\V¨ µ A	 Z_ � Z�^§\V¨ µ A	 · � []\R¨ µ A	 (27)

Here � arethe modifiedBesselfunctionsanduppersignsareevaluatedfor
µ � g while the lower signsaretaken forµ�� g

. Thefunction / �Lµc
 is depictedin Fig. 1.
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Figure1: Function / �@µX
 versus
µ

. Thebunchheadis on theleft.

Fromthis oneobtainstheaverageenergy lossperunit length[13]

5 ­56- Y g n 8 } z � � Ad A - �
!+H

[´\ A � ¡�°6��±²��� ³V� 
 (28)

andthermsenergy spread 5 ­56- Y g n e�g z � � Ad A -´�
! H

[´\ A � ¡�°6��±²��� ³V� 
 (29)

For Copperthis canbeexpressedas

� �E¸ 

¹¤ºN»`Y g n ��� � � 8 g ^ �
�­ � JC¼ � d � ¡ D

� � !�H � D�D � 
 []\ A
� - � ¡ D

�
(30)

For bunchlengthsapproachingthecharacteristiclength
-´�

thewake changestheshape[14, 15]. However, Eqs.(28)
and(29) arestill goodapproximationsup to bunchlengthsequalto

- �
. For evenshorterbunchesthey overestimatethe

energy spread.
Assuminga constant(in

;
) conductivity theshort-rangewake is [14]­ H � >-�
 � 3 � �d A 8 {w JCP�Q �.3 >-�
 ¡C¢�� � p w >-�
½3 8 {

p e� :� 5�M�M A JCP+Q �.3SM A >-�
M � _ � (31)

with >- � -���-´� . For trackingsimulations,this canbeapproximatedas[13]­ H � >-�
 � 3 � �d A 8 {w J�P+Q �R3 >-�
 ¡�¢�� � p w >-�
y3 8p e � 8�.��¾ _ >-F¾ [´\ A 
 ^s\ ¾ (32)

where
� �4w �+�
	 � e ��
R


to give theright valueat >- � g , and ¿ Y g n } .
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9 Longitudinal Geometric Wake

For an untaperedcircular collimator (or step-out)and bunch lengthsmuch smaller than the transverseaperture,the
impedanceis [16, 17, 18] � «»¤À¤Á1Â � � ��ÄÃ � dq W (33)

andthewake functionis approximatelya

¸
function[13],

ªi��Å »¤À¤Á1Â �.0+
 � e ������ Ã � dq
¸ �.0+
.n

(34)

Thentheaveragechangein energy reads

� �E¸ 

Æ.Ç�Á � e ����Èp � � !�H Ã �
d
q Y 8 n 8 w ~ ��� �� !�H Ã �

d
q (35)

andtheinducedrmsenergy spread

� �E¸ 
 ¹¤ºN» � 8p w 3É8e
^s\ A 	 ��� Èp e � � !�H Ã �

d
q Y g n 	6	�	©~ ������ !+H Ã �

d
q n (36)

Similar to thetransversecase,theenergy losscanbereducedby a taper. For a double-sidedtaperedtransitionin the
high-frequency limit, thelongitudinallossfactoris givenby [17]

� �E¸ 
 À¤Æ�Â�Á1¹Æ.Ç�Á � e �%� �p � � ! H � 8 3 >Ê ^ 
 Ã �
d
q Y 8 n 8 w ~ ��� �� ! H � 8 3 >Ê ^ 
 Ã �

d
q (37)

where >Ê ^ � D � � � 8 n g W Ê ^ 
 with Ê ^ � j ! H�1dX3 q 
 A Y ! H
¿ �1dN3 q 
 (38)

where
j
is thelengthof thetaperand ¿ �*Ë T ¡C³ Ë � �R�1d�3 q 
.��j�
�YÌ�1d�3 q 
.��j thetaperanglewith respectto thebeamdirection.

Thermsenergy variationis similarly

� �E¸ 
 À¤Æ�Â�Á1¹¹¤ºN» Y g n 	�	�	Í~ ��� �� !�H � 8 3 >Ê ^ 
 Ã �
d
q (39)

If thetaperis sufficiently tapered >Ê ^ � 8 n g andthereis no energy loss.
In thecaseof many closelyspacedtransitions,therecanbeaninterferencebetweentheelectromagneticwavesgener-

atedat differenttransitions.For thespecialsituationsof a peridoicarrayof Î cavities and Î v ; q A �+�1� � 
 (with q the
iris radius)and � the longitudinalperiod,HeifetsandKheifets[17] have shown that the realpartof thehigh-frequency
impedancereads IKJ � « � e � � �.[]\ A�@; q 
 [´\ A

e �� q
A � qj ^s\ A

(40)

where
j
denotesthecavity gap.This formulaonly appliesif thecollimatorsarepositionedperiodicallyandif, in addition,e !�H j�.dX3 q 
 A k 8 W (41)

with
j
thedistancebetweentwo adjacentcollimators.

References

[1] K. Yokoya,“Impedanceof Slowly TaperedStructures,” CERNSL/90-88(AP) (1990).

[2] G. Stupakov, “GeometricWake of a SmoothTaper,” SLAC-PUB-95-7086(1995).

[3] G. Stupakov, “GeometricalWake of a SmoothFlat Collimator,” SLAC-PUB-7167(1996).

[4] NLC ZerothOrderDesignReport(1996).

5



[5] P. Tenenbaumet al., “Direct Measurementof GeometricWakefieldsfrom TaperedRectangularCollimators,” Linac
2000Conference,andSLAC-PUB-8563(2000).

[6] E. Gianfelice,L. Palumbo,IEEE Tr. N.S.,37,2, 1084(1990).

[7] F. Zimmermann,K.L.F. Bane,C.K. Ng, “Collimator Wake Fieldsin theSLCFinal Focus,” EPAC 96 Sitges(1996).

[8] P. Raimondi,F.J.Decker, T. Usher, C.K. Ng, “ClosedForm Expressionfor theGeometricEffect of a BeamScraper
on theTransverseBeamDistribution,” IEEEPAC 97Vancouver.

[9] K.L.F. Bane,C. Adolphsen,F.-J. Decker, P. Emma,P. Krejcik, F. Zimmermann,“Measurementof the effect of
collimatorgeneratedwakefieldson thebeamsin theSLC,” IEEE PAC 95 Dallas(1995).

[10] A. Chao,Physicsof CollectiveBeamInstabilitiesin High Energy Accelerators,” J.Wiley (1993).

[11] A. Piwinski,DESY-HERA-92-04(1992).

[12] A. Piwinski,DESY Report72/72(1972).

[13] T. RaubenheimerandF. Zimmermann,“Longitudinal Wake FieldsandChromaticSpot-SizeDilution in the NLC
Final Focus,” NLC Note23 (1996).

[14] K.L.F. BaneandM. Sands,“The Short-RangeResistive Wall Wakefields,” SLAC AP-87(1991).

[15] O. HenryandO. Napoly, “The Resistive-PipePotentialsfor ShortBunches,” Part.Acc. 35,235(1991).

[16] V.E.BalakinandA.V. Novokhatski,Proc.12-thInt. Conf.High Energy Accel.,Batavia 1984,p. 117(1984).

[17] S.A.Kheifets,IEEETrans.MicrowaveTheoryTechniqueMTT-35,753-760(1987).

[18] L. Palumbo,“Analytical Calculationof theImpedanceof aDiscontinuity,” Part.Acc. 25,p. 201-216(1990).

[19] S.A. HeifetsandS.A. Kheifets, “Coupling Impedancein ModernAccelerators,” Rev. Mod. Phys.,Vol. 63, no. 3
(1991).

6


