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We assumea Gaussiarongitudinaldistribution, and generallyusecgsunits. Formulaecanbe corvertedto Sl units
by multiplying or dividing with Zyc/(4), whereZ, is the vacuumimpedancendc the speedf light.

1 General Transverse Wake

Thetrans\ersekick factork; is definedby
Nr,
v
whereN is the bunchpopulation,r. the classicalelectronradius,y the centroiddisplacemenof the bunch,and Ay’ the
centroiddeflection.
In termsof jitter amplificationthis canalsobewritten as

Ay = Kty (1)
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Ki — = j— (2)
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whereg is the betafunction at the wake-field source,s,,, the rms beamsizeando,, the rms divergence. We call the
parametey:; thejitter amplificationfactor
Thekick factoris relatedto thewake functionw(s) by

Kkt = /f(z)f(z’)wt(z — Z’)dz dz ©)
wheref(z) denoteghe normalizedongitudinaldistribution, andto theimpedancevia [2]
Ky = _l/ dw |}~7'(w)|2ImZt(w) = / dwF (EUZ> ReZ(w) )
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where for a Gaussiardistribution, .
F(z) = L exp(—x?) erf(ix), (5)
m

and.for largex, F(z) ~ 732271 (1 + 533)).
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2 Geometric Wake for Shallow Circular Taper

Thelongitudinalimpedancef a shallov circulartaper calculatedoy Yokoya[1], is

inO

Zi(w) = /OO d=(v')2, (6)
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whereb(z) denoteshe beampiperadiusasa functionof z and Z, = 120x Q. Stupalov [2] hasshavn thatthis formula
is valid for frequencies

andthetrans\erseimpedancél]

wh?/l < c. (8)



FromEq. (7) oneobtainsthekick factor
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whereg is the smallerbeam-pipeadius,b thelargerradius,! thelengthof thetaper 6 = (b — g)/! thetaperangle,and
o, thebunchlength.

Approximatingf ~ [ /b, w ~ ¢/o, we canrewrite theapplicability conditionof Eq. (8) as

o, > bo (10)

with b thebeam-pipgadiusandd thetaperangle.Thermskick is about0.4 timesthe centroidkick.

Example:o, = 30um, b = 5 mm,andformulais applicableif # > 6 mrad.
Take § = 10 mrad,y = 2.9 x 10%, N =4 x 10%, 3 = 10° m,b = 5 mm,g = 1 mm(this correspondgo about40c,!),
thenr . N3/y ~ 4 x 10~ m?, k; = 1.5 x 10° m~2, andy; = 0.06. Notethatthis shouldbe multiplied by a factor of two
to accountfor the contributionsfromtapers on eitherside

3 Geometric Wake for Tapered Parallel-Plate Step

For arectangulataper Stupalov [3, 4] hasdeducedhefollowing result:

N’I“e 2
Ay'(z) = /

e
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whereyy is the centroidposition,y the coordinateof thetestparticle,andw the half width of the collimator.

Theintegrals7; and/, are
b2 1
I = /—d—@(——g> (12)

202) (2wl — 211)yo + 211 Y] (11)

and )
v 0 /1 1
I = ds = - — = 13
o= [wa=3(5) 13)
whereb is the vertical half gapat the entranceand g thatat the endof the taper With y = y, this translatesnto a kick
factor 0.2827wé [ 1 1
. Tw
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As in thecircularcasethermskick is about0.4 timesthe centroidkick.

Formula(14)is valid if
w b—g

g l
Preliminaryexperimentakesultsindicatethatthe wake field maybe smallerif this conditionis violated[5].

(15)

4 Geometric Wake for Untapered Circular Step

If thereis notaper for shortbunchesg; < g, thetranswersekick factorreadd6, 7]

1 1
andthermskick is aboutl /+/3 timesthis value.
Example:for o, = 30um, b = 5 mm,g = 1 mm,wefind x; ~ 106 m~2, and; = 0.37. Noteagain that this should
be multiplied by a factor of two to accountfor the contributionsfromtapets on eitherside
The completenonlinearkick, for ary offsety, is[8, 7]:

4Nr 1 1 #
Ay (z) = —= -
y'(2) S <g2 o yQ> y/m 9(2) 17)
where .
exp (%)
9(2) = ———= (18)
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is the normalizedbeamdistribution.



5 Resistive Wake between Two Par allel Plates

Walke field nearaxisfor beampassinghroughtwo parallelplatesof length L with half gapb [9, 10]:

,_mreNL (¢ y
AV = e <0'02>f (s/ UZ)(b) (19)
with ¢ the conductvity, and
fla) = — /'OC VR, (20)
€Tr) =
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In aroundcollimatortheresultis 8 /72 smaller Note thataccordingto Ref.[9] < f(s) >= 0.78 for a Gaussiarchage
distribution. We calculated< f(s) >= 0.72, numericallyintegratingwith mathematicaWe alsocomputedhermskick:
< f(8)*= < f(s) >2>1/2=0.29.

The completenonlinearnwake nearthewall is obtainedby replacingin Eq. (19) thefactory/a by [11, 9]

1 (my/b+sinmy/b 21)
m \ 14 cosmy/b

Fory — athisdivergesas1/(a — y)?.

Example:o = 3.2 x 1017 s~ ! for Al, 0 = 5.4 x 1017 s~1 for Cu,ando = 1.3 x 106 s~ for stainlesssteel. Assume
copper L = 14 cm(10radiationlengths),b = 1 mm,and 3 = 10°. Thisyieldsu; = 0.13.
6 Optimum Taper

The optimumtaperangleis obtainedwhentheresistve andgeometrickicks areequal. For circulargeometryandg < b

it is [4]
e\ /4
Oopt ~ 0.6 (Ug2> (22)

Example:Cuwith o = 5.4 x 1017 s71, g = 1 mm,and# ~ 7 mrad.

7 General Longitudinal Wake

Thelongitudinalwake functionis relatedto thereal partof theimpedancevia

Wo(z) = g/ ReZ!l(w) cos we (23)
Y 0 C
Thetotal enegy lossis
AFE = —/ dz'p(2") / dzp(z)Wo(z — 2') = —Zi/ dw |G*ReZy(w) (24)
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wherep(z) is thechagedistribution, andpositive = refersto thetail of thebunch.

8 Longitudinal Resistive-Wall Wake

Theresistie-wall wake in a circularbeampipeis characterizetby thelengthparameter

cb?

1/3
sq = (—) (cgs units) (25)
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whereb is thechamberadiusando the conductvity.
Example:Cuandb = 5 mmyieldssg ~ 13 . m.
Whenthe bunchlengthis long comparedvith s, thefield alonga Gaussiarbunchcanbewritten [12]

E.(s/0.) = e (5—0)3/2 () (26)
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with

) 2 2\ _ 2 2
fu) = Juf*Pe /4 {11/4 <uz> —1I 34 (%) +1 )4 <uz> + 134 <%)} (27)

Here I arethe modified Besselfunctionsand uppersignsare evaluatedfor u < 0 while the lower signsaretaken for
u > 0. Thefunction f(u) is depictedn Fig. 1.

Figurel: Functionf(u) versusu. Thebunchheadis ontheleft.

Fromthis oneobtainsthe averageenepy lossper unit length[13]

% A 0.195Nb—§2 <j—2>3/2 (cgs units) (28)
andthermsenegy spread
Cfi—f ~ 0.20&’)Nb—262 (2—2)3/2 (cgs units) (29)
For Copperthis canbe expresseds
(A6)rme ~ 0.88 N[10™] Asfem] (30)

EleV]b[cm](o,[mm])3/2

For bunchlengthsapproachinghe characteristidength s, the wake changeghe shapg14, 15]. However, Eqs.(28)
and(29) arestill goodapproximationsup to bunchlengthsequalto so. For evenshorterbuncheshey overestimatehe
enegy spread.

Assuminga constan{in w) conductvity theshort-rangavake is [14]

- Ne (16 - 5) 16\/_ dr 2% exp(—223)
E.(3) = —= | = exp(—
2 (3) = <3 exp(—3) cos(v/33) / 613 ) (31)
with § = s/sg. For trackingsimulationsthis canbe approximateds[13]
- Ne (16 ~ - 1 1
E.(3) = 3 (3 exp(—3§) cos(V33) — Jonlat Sa3/2)1/a) (32)

wherea = 3/(4,/(27)) to givetheright valueat s = 0, anda = 0.9.



9 Longitudinal Geometric Wake

For an untaperedcircular collimator (or step-out)and bunch lengthsmuch smallerthan the trans\erseaperture,the
impedances [16, 17, 18]

” o ZO b
Zstep - ? In ;a (33)
andthewake functionis approximatelya ¢ function[13],
2CZO b
Wosstep(2) = — o 6(z).- (34)
Thenthe averagechangdn enegy reads
(Ad)ae = VT8 1, 0y 15 5 Nregy 2 (35)
Vavo. g ¥o. g
andtheinducedrmsenegy spread
1 1\Y? 4N b Nre b
(A8) s = <— - —> "E 102 0444 x S 2, (36)
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Similar to thetrans\ersecase the enegy losscanbe reducedby ataper For a double-sidedaperedransitionin the
high-frequenyg limit, thelongitudinallossfactoris givenby [17]

N7, b Nre
(B0)a = 22T (1) L a1 x D
ryo, g V02

(1 —ﬁl)lng (37)

wheref; = min(1.0, n;) with
lo, o,

M=% —g2 " alb—g)

where! is thelengthof thetaperanda = arctan((b—g)/l) ~ (b—g)/ thetaperanglewith respecto thebeamdirection.
Thermsenegy variationis similarly

(38)

(A8)EPer ~ 0,444 x 71— ) 1n§ (39)

rms

z

If thetaperis sufficiently taperedj; = 1.0 andthereis no enegy loss.

In thecaseof mary closelyspacedransitionstherecanbeaninterferencébetweerthe electromagnetisvavesgener
atedat differenttransitions.For the specialsituationsof a peridoicarrayof M cavitesand M > wg?/(cL) (with g the
iris radius)and L the longitudinal period, HeifetsandKheifets[17] have shovn thatthe real partof the high-frequeng

impedanceeads
2Z0c3/2 (2L\? [mg\1/2
I — 240 2\ (M
Rez! = <7rg> (%) (40)
wherel denoteghe cavity gap. This formulaonly appliesif the collimatorsarepositionedoeriodicallyandif, in addition,

20,1
(b—9)?

with [ the distancebetweertwo adjacentollimators.

<1, (41)
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